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Abstract. Most modern moving objects, including military moving objects, are 

equipped with guidance and stabilization systems with electro-hydraulic executive 

devices. Intercontinental ballistic missiles, space vehicles, aircraft, the main 

armament of tanks and ships have high-precision digital guidance and stabilization 

systems with electro-hydraulic actuators with potentiometric feedback, capable of 

ensuring high accuracy of stabilization of a moving object in a given direction. 

The work is devoted to the development of a methodology for selecting the value 

of the feedback channel amplification coefficient, which provides the maximum 

margin of stability and the maximum speed of the closed digital system of guidance 

and stabilization of a moving object. The proposed technique is based on the 

application of a discrete-continuous mathematical model of a closed digital system 

of guidance and stabilization of a moving object, which contains ordinary 

differential equations for describing the disturbed motion of the continuous part 

of the stabilized object, as well as difference equations for describing a discrete 

stabilizer. To construct the characteristic equation of a closed discrete system, 

the mathematical model is reduced to a system of difference equations using matrix 

series. At the same time, the number of considered members of the matrix series 

depends on the value of the quantization period of the digital stabilizer, 

therefore, in addition to determining the amplification coefficient of the 

feedback channel of the executive device, the proposed technique also includes 

the determination of the value of the quantization period of the digital 

stabilizer. 

Keywords: guidance and stabilization system of a moving object, electrohydraulic 

executive device, quantization period of the digital stabilizer, margin of 

stability and speed of the closed-loop system. 
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Problem statement. Electro-hydraulic actuators or 

electro-hydraulic amplifiers (EHA) are widely used in 

automatic control systems for moving objects and, above all, 

for military purposes objects. Guidance and stabilization 

systems for aircraft, missiles, spacecraft, ship and tank 

guns usually contain EHA, which make it possible to provide 

the required stability margin, high speed and accuracy of 

guidance and stabilization of these objects. The creation of 

high-precision systems of armaments and military equipment 

has led to the mass transition of automatic control systems 

for military facilities to a digital construction principle, 

which makes it possible to implement complex non-linear and 

non-stationary control algorithms that ensure high quality 

indicators of these types of armaments. The purpose of this 

work is to select the variable parameters of a digitally 

controlled EHA that provide high accuracy in processing 

control signals generated by an on-board digital computer 

(OBCM). 

Mathematical model of the perturbed motion of the EHA. As 

an example, let us consider a schematic diagram of an EHA of 

a ballistic missile guidance and stabilization system that 

ensures turn of the combustion chamber of a liquid-propellant 

jet engine (LRE) [1, 2], shown in Fig. 1. 

  

Figure 1 
Schematic diagram of an EHA of a ballistic missile guidance and 

stabilization system 
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The inputs of the onboard computer 1 receive signals from 

the outputs of the inertial sensors of angles, angular 

velocities and accelerometers that measure linear 

accelerations relative to the main central axes of inertia of 

the rocket, as well as signals from the outputs of the 

feedback potentiometers 14. The analog-to-code converter 

converts the onboard computer input signals into lattice 

functions, on the basis of which the guidance and 

stabilization algorithm is formed in the form of a lattice 

function 
 nTu , which is converted by the code-to-analog 

converter into a continuous voltage function 
( )tu  supplied to 

the electromagnet input 2 which contain control windings 3 

and 4, rocker arm 5 and fixing spring 6 holding rocker arm 5 

in the neutral position at zero signals to windings 3 and 4. 

If the lattice function 
 nTu  is positive, then a positive 

signal 
( )tu  goes to winding 3, and if the function 

 nTu  is 

negative, then a positive signal 
( )tu  goes to winding 4. In 

the first In this case, the rocker arm 5 rotates by a positive 

angle ( )t  (counterclockwise), and in the second case, by a 

negative angle ( )t  (clockwise). The instantaneous value of 

the current in any of the control windings 3 or 4 is determined 

by solving the differential equation 

 

( )
( ) ( )tutir

dt

tdi
L yy =+

     (1) 

 

where yL
 is the inductance of the control winding; yr

 – active 

resistance of the control winding; 
( )tu  is the signal at the 

output of the code-analogue converter corresponding to the 

lattice function 

 

     nTknTGnTu −=  ,    (2) 

 

where 
 nTG

 is the lattice function that determines the 

stabilization algorithm; 
 nTk   – lattice function of the 

feedback EHA by the angle of turn of the LRE combustion 

chamber. 
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When the rocker arm 5 is rotated by a positive angle ( )t , 

the needle 7 slightly opens the calibrated hole 9, and the 

needle 8 covers the calibrated hole 10. The pressure created 

by the hydraulic pump 11 decreases in the upper cavity of the 

hydraulic power cylinder 12, and increases in the lower 

cavity, causing the piston 13 to move up. The turn of the 

rocker arm 5 is described by the differential equation 

 

( ) ( )
( ) ( )tiktc

dt

td
f

dt

td
I k =+


+


2

2

,     (3) 

 

and the displacement of the piston of the power hydraulic 

cylinder 
( )ts

 is associated with the turn of the rocker arm 5 

through the angle 
( )t

 by the dependence 

 

( )
( )tk

dt

tds
p=

,     (4) 

 

here kI
 is the moment of inertia of the rocker arm; 

f
 is the 

coefficient of fluid friction along the axis of the rocker 

arm; c  – stiffness coefficient. 
 

And finally, the angle of turn of the LRE combustion 

chamber 
( )t

 is related to the moving of the piston 
( )ts

 by the 

formula 

 

( ) ( )tskt s=
.      (5) 

 

From relations (4) and (5) we have 

 

( )
( )tkk

dt

td
sp =



.     (6) 

 

We write differential equations (1) and (3) in the form 

 

( )
( ) ( )tukti

dt

tdi
T yy =+

;    (7) 
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( ) ( )
( ) ( )ti

c

k
t

dt

td
T

dt

td
T


=+


+


22

2
2

1

.   (8) 

 

where the following notation is accepted 

c

f
T

c

I
T

r
k

r

L
T k

y

y

y

y

y ==== 2
2

1   ;  ;
1

  ;

. 

 

Differential equations (6)–(8) together represent a 

mathematical model of the continuous part of the EHA. The 

mathematical model of the discrete part of the EHA can be 

obtained from relation (2), if we put   0=nTG  in the latter. 

As a result, we have 

 

   nTknTu −=  .      (9) 

 

We write the mathematical models of the continuous and 

discrete parts of the EHA in normal form, for which we 

introduce the state vector of the EHA 

 

( )

( )

( )

( )

( )

( )

( )

( )

( )

( ) ( )tutU

t

t

t

ti

tx

tx

tx

tx

tX =
























=



















=    ;

4

3

2

1



. 

 

As a result, we have 

 

( )
( ) ( );

1
1

1 tu
T

k
tx

Tdt

tdx

y

y

y

+−=

 

( )
( );3

2 tx
dt

tdx
=

      (10) 

( )
( ) ( ) ( );

1
12

1

32
1

2
22

1

3 tx
cT

k
tx

T

T
tx

Tdt

tdx 
+−−=

 

( )
( ).2

4 txkk
dt

tdx
sp=
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We write system (10) in the vector-matrix form 

 

( ) ( ) ( )tUBtXAtX +=
,    (11) 

 

where the matrices A and B are written as 

 

.

0

0

0  ;

000

0
1

0100

000
1

2
1

2

2
1

2
1























=























−−

−

=


y

y

sp

y T

k

B

kk

T

T

TcT

k

T

A

 
 

Let us write a difference equation connecting the initial 

state of the continuous part of the system 
 kTX

 with its 

final state 
( ) TkX 1+

 at each discreteness period [3] 

 

( )     kTUHkTXTkX +=+1 ,   (12) 

 

where the matrices   and H  are determined by the formulas: 

 

;
!

1

0




=

=
i

iiTA
i

;     (13) 

 

( )
BTA

!i
H

i

ii



=

+










+
=

0

1

1

1

.    (14) 

 

The number of terms of the matrix series (13) and (14) 

taken into account depends on the value of the discreteness 

period T . Usually, when using modern onboard computers with 

a small quantization period, it is assumed with sufficient 

accuracy 

 

 ;TAE +=
     (15) 
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TBH = .     (16) 

 

We write relation (9) in the vector-matrix form 

 

   kTXKkTU =
,     (17) 

 

where the Kravna matrix is equal to 

 

 = kK 000
.    (18) 

 

Let us substitute relation (17) into difference equation 

(12). As a result, we obtain the difference EHA equation with 

digital feedback 

 

( )     kTXKHTkX +=+1
.   (19) 

 

Let us write the characteristic equation of the EHA [3] 

 

  0det =−+ zEKH .      (20) 

 

Substituting matrices (15), (16), and (18) into equation 

(20), we obtain 

 

( )

( )
0

100

01

010

001

det

2
1

2

2
1

2
1

=

























−

−−−

−

−−−





zkk

T

TT
z

T

T

cT

Tk
Tz

T

T
kk

T

T
z

sp

y

y

y

. (21) 

 

Expanding the determinant (21), we write the 

characteristic equation of the EHA with digital feedback in 

the form 

 

( ) ( ) ( ) ( ) ,0111
1

11
2

1

4

2
1

3

2
1

2
22

2
1

234
=+−−














+−+














+−−− 

TT

T
kk

TT

T
z

T

T

T

T
zT

TT

T
zz

yyyy
 (22) 

 

where the gain of the direct circuit of the EHA is equal to 
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c

kkkk
k

spy 
=

.      (23) 

 

Parametric synthesis of EHA with digital feedback. Let us 

use the w-transformation method [4] and set in the 

characteristic equation (22) w

w
z

−

+
=

1

1

. 

Then 

( )

( ) ( ) .
4641

16
1  ;

331

8
1

;
21

4
1  ;

1

2
1

432

4
4

32

3
3

2

2
2

wwww

w
z

www

w
z

ww

w
z

w

w
z

+−+−
=−

−+−
−=−

+−
=−

−
−=−

 (24) 

 

In the obtained relations (21), we will make the 

replacement [5] 
+= jw
. As a result, we get 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ),,,1  ;,,1

;,,1  ;,,1

44

4

33

3

22

2

11

+=−+=−

+=−+=−

jzjz

jzjz

 (25) 

 

Where 

 

( )
( ) 

( ) 22

2

1
1

12
,

+−

−−
−=

;    (26) 

 

( )
( ) 221
1

2
,

+−


−=

;    (27) 

 

( )
( )( ) ( ) 

( ) ( )22222

22222

2

1421

14214
,

−+−+−

−−−+−−
=

;  (28) 

 

( )
( )( ) ( ) 
( ) ( )22222

2222

2

1421

212124
,

−+−+−

−+−+−−
=

;  (29) 
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( )
( ) ( ) ( )  ( )( ) 

( ) ( )  ( )
;

3633331

3363333138
,

222222322

22222232223

3

+−+−+−−−+−

−+−+−+−−−+−−
−=

(30) 

 

( )
( ) ( ) ( ) ( ) ( )  

( ) ( )  ( )
;

3633331

3331336338
,

222222322

2322322223

3

+−+−+−−−+−

−−−+−−++−+−−−
−=

(31) 

 

( )

( ) ( ) ( ) ( ) 
( ) ( ) ( ) 

( ) ( ) ( ) 
( ) ( ) 

;

434124

634641

4341244

6346416
16

,

222222

242242322

2222222

422423224224

4

−+−−+−+

++−+−−−+−













−+−−+−−+

++−+−−−+−+−

=

(32) 

 

( )

( ) ( ) ( ) ( ) 
( ) ( ) ( ) 

( ) ( ) ( ) 
( ) ( ) 

;

434124

634641

33146

6346414
16

,

222222

242242322

22224224

4224232222

4

−+−−+−+

++−+−−−+−













−+−−+−+−−

−+−+−−−+−−

=

(33) 

 

Taking into account relations (25), the characteristic 

equation of the EHA with digital feedback (22) takes the 

following form 

 

( ) ( ) ( ) ( ) 

( ) ( )  ( ) ( )  .0,,,,1

,,
1

,,

2
1

4

112
1

3

222
1

2
2

332
1

2
44

=++−+













++

++













+−+


TT

T
kkj

TT

T
j

T

T

T

T

jT
TT

T
j

yyy

y

 (34) 

 

We represent the value k
 as the sum of the real and 

imaginary parts  += kjkk ImRe
. 

Then from equation (34) we have 

 

( ) ( ) ( ) ( ) ;,,1,
1

,Re 12
1

3

22
1

2
2

32
1

2
44

2
1













+













+−














++−=

TT

T

T

T

T

T
T

TT

T

kT

TT
k

yyy

y

(35) 
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( ) ( ) ( ) ( ) .,,1,
1

,Im 12
1

3

22
1

2
2

32
1

2
44

2
1













+













+−














++−=

TT

T

T

T

T

T
T

TT

T

kT

TT
k

yyy

y

(36) 

 

Using formulas (35), (36), taking into account relations 

(26)–(33) in the complex plane ( kRe
, kIm

) we construct the 

boundary of the EHA stability region, assuming 0=  and 

changing  from zero to infinity. The straight line segment 

enclosed between the intersection points of the constructed 

curve and the real axis will determine the stability region 

of the EHA with digital feedback (Fig. 2). 

 

Figure 2 
The boundary of the region of stability and the line of equal degree of 

stability in the plane of the complex parameter k 

 

By changing the value of   in the negative direction 

1
 and constructing lines of an equal degree of stability 

[5], on the real axis of the complex plane we will select 

segments 11ba
, contracting at some *=  to the point 

*
 = kk

, in which the stability margin EHA is maximum and equal to 

*= . 

Conclusion. The variable parameters of the EHA with 

digital feedback are the feedback gain k
 and the quantization 
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period of the onboard computer T . It is recommended to choose 

the values of both variable parameters from the condition of 

ensuring the maximum margin of stability and speed of the 

closed-loop EHA. 
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