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Abstract. 
It is well-known that the superconducting phase in type-II superconductors first appears 

near surfaces as magnetic field drops below the so-called “third critical field” 𝐻𝑐3. Every 
textbook on superconductivity mentions the fact that 𝐻𝑐3 ≈ 1.7𝐻𝑐2, where 𝐻𝑐2 is the second 
critical field that corresponds to the appearance of superconductivity in the bulk. However, 

it is not easy to provide reference to a work where 𝐻𝑐3 has been directly calculated, except 

for a couple of papers where an estimation for 𝐻𝑐3 is found using the variational method. 
Here we provide a clear numerical algorithm (including MATLAB code) for calculation of the 

third critical filed that might be of methodological worth for both students studying 

superconductivity and numerical methods in quantum mechanics.  
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The T-H phase diagram of type-II of the type-II 

superconductors looks as: 

 

 
 

Here 𝑇𝑐 is the critical temperature at 𝐻 = 0, and 𝐻𝑐1, 𝐻𝑐2 
and 𝐻𝑐3 are the first, second and third critical fields, 

respectively, see, for instance, Refs. [1,2]. 

The second critical field 𝐻𝑐2 is found from the Ginzburg-
Landau equation 

 

1

2𝑚
[−𝑖ℏ∇⃗⃗ −

2𝑒𝐴 

𝑐
] 𝜓 = 𝛼𝜓     (1) 

 

where 𝛼 ∝ 𝑇𝑐 − 𝑇 and 𝐴  is the vector-potential. This equation 
is absolutely similar to the Schrodinger equation that 

determines the energy levels of a charged particle in a 
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magnetic field (Landau levels). Finally, choosing the 𝑧-axis 

in the direction of the magnetic field and taking 𝐴 = (0, 𝐻𝑥, 0), 
we get: 

 

[−∇2 +
4𝜋𝑖

𝜙0
𝐻𝑥

𝜕

𝜕𝑦
+ (

2𝜋𝐻

𝜙0
)
2

𝑥2]𝜓 =
1

𝜉2
𝜓     (2) 

 

Here 𝜉2(𝑇) =
ℏ2

2𝑚𝛼(𝑇)
 is the coherence length and 𝜙0 =

ℎ𝑐

2𝑒
 is the 

quantum of flux. 

 

Since only 𝑥 enters this equation explicitly, we should 
look for the solution in the form 

 

𝜓(𝑥, 𝑦, 𝑧) = 𝑒𝑖𝑘𝑦𝑦𝑒𝑖𝑘𝑧𝑧𝑓(𝑥) 
 

and Eq.2 acquires the form 

 

−𝑓′′ + (
2𝜋𝐻

𝜙0
)
2
(𝑥 − 𝑥𝑐)

2𝑓 = (
1

𝜉2
− 𝑘𝑧

2) 𝑓     (3) 

 

which is, of course, just the harmonic oscillator equation in 

quantum mechanics, where 𝐻 ∝ 𝜔, (
1

𝜉2
− 𝑘𝑧

2) ∝ 𝐸 and 𝑥𝑐 =
𝑘𝑦𝜙0

2𝜋𝐻
. 

The meaning of the second critical field is as follows. 

Let us take a very large 𝐻 and then start to reduce it until 
Eq.3 first gets a solution at given temperature, i.e., at 

given 𝜉(𝑇). This is the same as to find the maximal possible 
frequency of a harmonic oscillator at the given energy. Since 

 

(
1

𝜉2
− 𝑘𝑧

2) ∝ 𝐸 = ℏ𝜔 (𝑛 +
1

2
) ∝ 𝐻 (𝑛 +

1

2
) 

 

we get 𝐻 ∝
(
1

𝜉2
−𝑘𝑧

2)

𝑛+
1

2

. 

 

Now it’s obvious that in order to find the maximal 

possible 𝐻 we need to take 𝑘𝑧 = 0 and 𝑛 = 0, so we are just 
looking for the ground state of the quantum oscillator 
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described by the equation 

 

−𝑓′′ + (
2𝜋𝐻

𝜙0
)
2
(𝑥 − 𝑥𝑐)

2𝑓 =
1

𝜉2
𝑓     (4) 

 

Till now we followed the Tinkham book “Introduction to 

superconductivity”, [2]. Starting here, it’s useful to switch 

to the dimensionless coordinate 𝑠 = 𝑥/𝜉. Then Eq.4 gets the 
form 

 

−𝑓′′(𝑠) + (
2𝜋𝜉2𝐻

𝜙0
)
2

(𝑠 − 𝑠𝑐)
2𝑓(𝑠) = 𝑓(𝑠)   (5) 

 

Introducing dimensionless field ℎ =
2𝜋𝜉2𝐻

𝜙0
, we get the final 

equation to be solved: 

 

−𝑓′′(𝑠) + ℎ2(𝑠 − 𝑠𝑐)
2𝑓(𝑠) = 𝑓(𝑠)    (6) 

 

The easiest way to solve it is to look for a solution in 

the form 

 

𝑓(𝑠) = 𝐴exp [−
(𝑠 − 𝑠𝑐)

2

2𝑎
] 

 

where 𝐴 is an arbitrary constant, that immediately results in 

ℎ =
1

𝑎
= 1, so we get the well-known expression for the second 

critical field ℎ𝑐2 =
2𝜋𝜉2𝐻𝑐2

𝜙0
= 1, i.e. 

 

𝐻𝑐2(𝑇) =
𝜙0

2𝜋𝜉2(𝑇)
 

 

However, already in 1963 Saint-James and de Gennes proved 

[1] that that if a superconducting nucleus appears not in the 

bulk of a superconductor but near its surface, the 

corresponding magnetic field could be significantly larger 

than 𝐻𝑐2. They called it 𝐻𝑐3 – the third critical field. Saint-
James and de Gennes showed that if we choose the boundary 
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between superconductor and vacuum as the plane 𝑠 = 0, where 
𝑠 > 0 is superconductor, then the equation to be solved is the 

same as Eq. 6 but confined to 𝑠 ≥ 0 with the boundary condition 
𝑑𝑓

𝑑𝑠
|
𝑠=0

= 0. 

In terms of quantum oscillator, we have to find now the 

lowest level of a particle in a “double-parabolic” potential 

shown in Fig.2 

 

 
 

The picture is taken from the Tinkham book [2]. 

It is clear that for 𝑠𝑐 = 0 (𝑥𝑐 = 0) and for 𝑠𝑐 ≫ 1 (𝑥𝑐 ≫ 𝜉) we 
go back to 𝐻𝑐2. In the latter case the surface is very far, 
𝑓(𝑠) exponentially vanishes well before any surface effects 
come into consideration, and actually this is a nucleation in 



 
 
 

 

PHYSICS AND MATHS 

236 

 

This work is distributed under the terms of the Creative 
Commons Attribution-ShareAlike 4.0 International License 

(https://creativecommons.org/licenses/by-sa/4.0/). 

Proceedings of the 10th International 
Scientific and Practical Conference 
«International Scientific Discussion: 
Problems, Tasks and Prospects»  
 

(July 19-20, 2025).  
Brighton, United Kingdom 

 
 

No 
256 

the bulk. At 𝑠𝑐 = 0, as well as for any 𝑠𝑐, the potential 𝑉(𝑠) =

ℎ2(𝑠 − 𝑠𝑐)
2 can be symmetrically expanded to 𝑠 < 0 that is the 

usual method in quantum mechanics since the ground state such 

a “symmetrized” potential should automatically obey the 

condition 
𝑑𝑓

𝑑𝑠
|
𝑠=0

= 0. 

So now 𝑠𝑐 is no longer a “free” parameter, and we should 
expect that at certain 𝑥𝑐 ≅ 𝜉 (or 𝑠𝑐 ≅ 1) we get the deepest 
ground state for a particle in such a “double-parabolic” 

potential. This should correspond to the field ℎ𝑐3. 
Using tabulated Weber functions, Saint-James and de 

Gennes managed to show that 
𝐻𝑐3

𝐻𝑐2
≈ 1.695 and 𝑠𝑐 =

𝑥𝑐

𝜉
≈ 0.5901 

We are going to restore these results by direct numerical 

integration of Eq. 6 with the boundary condition 
𝑑𝑓

𝑑𝑠
= 0 at 𝑠 =

0, treating 𝑠𝑐 as a free parameter. Actually, this is a numeric 
solution of an eigen-value problem for the Sturm-Liouville 

operator. 

Of course, it would be possible to solve this problem 

using the “shooting” methods, but we prefer to use an implicit 

and absolutely stable tridiagonal matrix algorithm, or Thomas 

method (sometimes also called as Gelfand method). 

We need to find for each given 𝑠𝑐 the highest possible ℎ 
for which Eq. 6 has a solution at 𝑠 ≥ 0 obeying the boundary 

condition 
𝑑𝑓

𝑑𝑠
|
𝑠=0

= 0. Thus we will get ℎ(𝑠𝑐), and finally we 

should determine the maximal ℎ𝑚𝑎𝑥 = ℎ𝑐3 = ℎ(𝑠𝑐,𝑜𝑝𝑡). We know that 

at 𝑠𝑐 = 0 the solution is: 𝑓(𝑠) = 𝐴exp(−
𝑠2

2
). Here 𝐴 is an 

arbitrary number and ℎ = 1. Using a clear analogy with the 

quantum oscillator, we should expect that 𝑓(𝑠) = 𝑂(exp(−
(𝑠−𝑠𝑐)

2

2
)) 

when 𝑠 > 𝑠𝑐. Taking into account that exp (−
42

2
) = exp(−8) ≈

1

3000
, we 

can confine our “window” for 𝑠 as: 0 < 𝑠 < 𝑠𝑐 + 4, taking 𝑓(0) = 1. 
Actually, 𝑓(0) can be chosen arbitrarily, since Eq.6 is linear, 
and if 𝑓(𝑠) is a solution, 𝐴𝑓(𝑠) is also a solution. 

Let us divide the segment 0 < 𝑠 < 𝑠𝑐 + 4 into 𝑁 portions, so 

∆=
𝑠𝑐+4

𝑁
. Then 𝑠𝑛 = 𝑛∆, where 𝑛 = 1,2, … .𝑁, see Fig.3.  
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For convenience we will add one more point, 𝑠−1 = −∆. We 
do it in order to determine 

 

𝑑𝑓

𝑑𝑠
|
𝑠=0

=
𝑓(𝑠1) − 𝑓(𝑠−1)

2∆
 

 

In future let’s denote 𝑓(𝑠𝑛) ≡ 𝑓𝑛 and ℎ
2(𝑠𝑛 − 𝑠𝑐)

2 ≡ 𝑉𝑛. Since  
 

𝑓𝑛
′′ ≈

𝑓𝑛+1 + 𝑓𝑛−1 − 2𝑓𝑛
∆2

 

 

Eq.6 acquires the form 

 

−
𝑓𝑛+1 + 𝑓𝑛−1 − 2𝑓𝑛

∆2
+ 𝑉𝑛𝑓𝑛 = 𝑓𝑛 

 

or 

 

𝑓𝑛−1 + (∆
2 − ∆2𝑉𝑛 − 2)𝑓𝑛 + 𝑓𝑛+1 = 0     (7) 

 

Now, according to the chosen “three-diagonal” (Thompson) 

method, let us accept that 
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𝑓𝑛−1 = 𝐴𝑛𝑓𝑛 + 𝐵𝑛 for all 𝑛 = 0,1, … , 𝑁. Substituting this 

expression into Eq.7, we have 

 

𝑓𝑛 = −
1

𝐴𝑛 + ∆2 − ∆2𝑉𝑛 − 2
𝑓𝑛+1 −

𝐵𝑛
𝐴𝑛 + ∆2 − ∆2𝑉𝑛 − 2

 

 

Accordingly, we get: 

 

𝐴𝑛+1 = −
1

𝐴𝑛 + ∆2 − ∆2𝑉𝑛 − 2
 

 

𝐵𝑛+1 = −
𝐵𝑛

𝐴𝑛 + ∆2 − ∆2𝑉𝑛 − 2
 

 

This describes our algorithm completely. First, we choose 

𝐴0 = 0 and 𝐵0 = 1 to get 𝑓−1 = 1, so actually we accept 𝑓(𝑠 = −∆) =
1 instead of 𝑓(𝑠 = 0) = 1. Due to ambiguity 𝑓(𝑠) → 𝐴𝑓(𝑠) it does 
not matter. Then, at the “forward” run from 𝑛 = 0 up to 𝑛 = 𝑁 
we calculate the coefficients 𝐴𝑛, 𝐵𝑛. After reaching 𝑛 = 𝑁, we 
go “backward”, using 𝑓𝑁 = 0 and known 𝐴𝑛, 𝐵𝑛 in order to find 
𝑓𝑁−1, 𝑓𝑁−2 and so on down to 𝑓0. Actually we are interested in 
𝑓1. 

If 𝑓1 = 𝑓−1 (i.e., the condition 
𝑑𝑓

𝑑𝑠
|
𝑠=0

= 0 is fulfilled) and 

the function 𝑓(𝑠) has no zeroes except for 𝑓(𝑠𝑐 + 4) = 𝑓𝑁, we’ve 
found the solution ℎ(𝑠𝑐) for given 𝑠𝑐. If 𝑓1 ≠ 𝑓−1, we need to 

change ℎ and, in turn, 𝑉(𝑠) = ℎ2(𝑠 − 𝑠𝑐)
2 and try again until the 

solution is found. Such a procedure we have to repeat for, 

say, 0 ≤ 𝑠𝑐 ≤ 3 (𝑠𝑐,𝑜𝑝𝑡 ≅ 1 is definitely less than 3) and define 

ℎ𝑚𝑎𝑥 (ℎ𝑐3) and 𝑠𝑐,𝑜𝑝𝑡. 
The intermediate MATLAB code for the solution of our 

problems is: 

Program 1: 

clc; clear; format long; 

deltaS = 0.001; 

finalS = 10; 

S = 0:deltaS:finalS; 

A = zeros(length(S),1); 

B = zeros(length(S),1); 
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f = zeros(length(S),1); 

f(1) = 1; 

  

H = 0.8:0.001:2; 

dfds = zeros(length(H),1); 

sc = 0; 

for j = 1:length(H) 

 h = H(j); 

 V = h^2.*(S-sc).^2; 

A(1) = 0; 

B(1) = 1; 

for i = 2:length(S) 

A(i) = -1/(A(i-1)+deltaS^2*(1-V(i-1))-2); 

B(i) = -B(i-1)/(A(i-1)+deltaS^2*(1-V(i-1))-2); 

end 

 

f(end) = 0; % f(s->inf) = 0 

for i = (length(S)-1):-1:1 

f(i) = A(i+1)*f(i+1)+B(i+1); 

end 

dfds(j) = (f(2)-f(1))/deltaS; 

end 

figure(1)  

hold 

plot(H,dfds); 

 

title ('Magnetic field'); 

xlabel ('Magnetic field'); 

ylabel ('df/ds'); 

 

dfds = zeros(length(H),1); 

sc = 0.5; 

for j = 1:length(H) 

h = H(j); 

V = h^2.*(S-sc).^2; 

A(1) = 0; 

B(1) = 1; 

for i = 2:length(S) 

A(i) = -1/(A(i-1)+deltaS^2*(1-V(i-1))-2); 

B(i) = -B(i-1)/(A(i-1)+deltaS^2*(1-V(i-1))-2); 
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end 

f(end) = 0; % f(s->inf) = 0 

for i = (length(S)-1):-1:1 

f(i) = A(i+1)*f(i+1)+B(i+1); 

end 

dfds(j) = (f(2)-f(1))/deltaS; 

end 

plot(H,dfds); 

legend ('sc=0','sc= 0.5'); 

The work of this program is illustrated by two pictures. 

One is the dependence of 
𝑑𝑓

𝑑𝑠
|
𝑠=0

 as a function of ℎ at various 

𝑠𝑐. We see that at 𝑠𝑐 = 0 we get 
𝑑𝑓

𝑑𝑠
|
𝑠=0

= 0 at ℎ = 1, which, of 

course, just reminds us that in our choice of dimensionless 

variables ℎ𝑐2 = 1. For 𝑠𝑐 > 0 the condition 𝑑𝑓
𝑑𝑠
|
𝑠=0

= 0 is achieved 

at ℎ > 1, which means that the superconducting nucleus appears 
near the surface at a larger field than in the bulk. 

 

 
 

This program also draws 𝑓(𝑠) obeying the condition  
𝑑𝑓

𝑑𝑠
|
𝑠=0

= 0 for different 𝑠𝑐. We see that all these solutions have 

no zeroes except for 𝑠 → ∞, so they correspond to the ground 
state levels of the oscillator-like problem. 
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The final code is presented here: 

Program 2 : 

clc; clear; format long; 

deltaS = 0.001; 

 

SC = 0:0.01:2; 

result = zeros(length(SC),1); 

figure(1)  

  

title ('Superconducting nucleus'); 

xlabel ('s'); 

ylabel ('f'); 

hold 

for j = 1:length(SC) 

sc = SC(j); 

finalS = sc+4; 

S = 0:deltaS:finalS; 

A = zeros(length(S),1); 

B = zeros(length(S),1); 
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f = zeros(length(S),1); 

f(1) = 1; 

 

h = 2; 

deltah = -0.001; 

V = h^2.*(S-sc).^2; 

 

while((f(2)-f(1))<0 && h >=0) 

A(1) = 0; 

B(1) = 1; 

for i = 2:length(S) 

A(i) = -1/(A(i-1)+deltaS^2*(1-V(i-1))-2); 

B(i) = -B(i-1)/(A(i-1)+deltaS^2*(1-V(i-1))-2); 

end 

 

f(end) = 0; % f(s->inf) = 0 

for i = (length(S)-1):-1:1 

f(i) = A(i+1)*f(i+1)+B(i+1); 

end 

 

h = h + deltah; 

V = h^2.*(S-sc).^2; 

end 

plot(S,f); 

legend(num2str(sc)); 

drawnow; 

result(j) = h -deltah; 

end 

figure(2)  

plot(SC,result); 

title ('Magnetic field'); 

xlabel ('sc'); 

ylabel ('Magnetic Field'); 

maximumH = max(result) 

It shows us ℎ vs. 𝑠𝑐. We get 𝑠𝑐,𝑜𝑝𝑡 = 0.5901 and ℎ𝑚𝑎𝑥 = ℎ(𝑠𝑐,𝑜𝑝𝑡) =

1.695, i.e., we’ve restored the well-known result: 
 

𝐻𝑐3

𝐻𝑐2
≈ 1.695 and 𝑠𝑐 =

𝑥𝑐

𝜉
≈ 0.5901. 
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