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Abstract. Strict, often conflicting requirements are imposed on modern engineering structures. On 

the one hand, they must be light, and on the other hand, their load-bearing capacity must be high. 

The exhaustion of the bearing capacity often occurs due to the loss of stability of structural 

elements: shells, plates and rods. There are no reliable formulas for determining the critical loads 

of plates and, moreover, shells. The purpose of this paper is to find such formulas. A new approach 

to solving stability problems is used, based on the assumption that at the moment of stability loss, 

the axial compressive force decreases. Based on this approach, by the energy method using the 

relations of the general linear theory of thin-walled shells, formulas were obtained for calculating 

the axial critical forces of cylindrical shells with hinged and rigidly embedded ends, rectangular 

plates and rods. The results of critical load calculations using these formulas are in good 

agreement with the experimental data. The results of an experimental study of the stability of 

cylindrical shells reinforced with stringers under axial compression are presented. Conclusions 

are drawn and recommendations are given on the use of the proposed approach for further study 

of the stability of thin-walled structures. 
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1. Introduction

Loss of stability of a structure as a whole, or of its individual elements (shells, 

plates, rods) is one of the reasons for the exhaustion of the bearing capacity of 

engineering structures. However, there are no exact formulas for the critical loads 

of plates and especially shells. This article shows that such formulas can be obtained 

within the framework of linear theory. 
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2. Analysis of recent research and publications 

The first results of studying the stability of structural elements were obtained 

by L. Euler [1], Brian [2], Lorentz [3] and S.P. Tymoshenko [4]. Leonard Euler 

(1744) was the author of the theoretical formulation of the problem of the stability 

of centrally compressed rods. When solving the problem, he used a linear approach 

and a static  

Euler criterion. According to this criterion, the critical load is calculated as the 

smallest load at which, simultaneously with the initial form of equilibrium, an 

adjacent form of equilibrium is possible, infinitely close to it. Using this approach, 

he obtained the famous Euler formula  

2

2
P EI

l


=

, 

where P – compressive force; E – Young's modulus; I – moment of inertia of the 

cross-section of the rod; l – length of the rod. 

 

For a long time (150 years), the correctness of this approach was in doubt.  

The carefully carried out experiments of I. Bauschinger (1887), M. Consider 

(1891), L. Tetmayer (1890, 1896) showed good agreement between theoretical and 

experimental data and put an end to the era of doubts in the theory and Euler's 

formula. In his article "Some theoretical problems of elastic stability" (1910),  

S. P. Timoshenko gives an energy derivation of the Euler formula for the case when 

the distance between the ends of the rod does not change during the loss of stability 

and, as a result, the longitudinal compressive force during buckling slightly 

decreases. The critical state is found from the condition of equality of the decrease 

in the compression energy upon buckling of the potential bending energy. 

It is believed that the effectiveness of the static Euler criterion is indisputable. 

This approach is widely used in solving problems of the stability of rods, thin-walled 

plates, and shells. However, the experimental critical loads of a closed circular 

cylindrical shell compressed along the generatrix by forces N uniformly distributed 

along the arc edges are often several times less than the theoretical ones obtained 

using the static Euler criterion. At the same time, a circular shell, compressed along 
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the generatrix, is a kind of standard that serves to compare theoretical and 

experimental data and to test various approaches in the theory of shells stability. 

This fact casts doubt on the fruitfulness of the static Euler criterion. The correctness 

of the statement that at a critical load simultaneously with the initial form of 

equilibrium, an infinitely close adjacent form of equilibrium is statically possible is 

doubtful. The shells behave very differently. This is shown in works [5,6,7] and will 

be shown in this article. 

J. Brian was the first to use the energy method to solve stability problems and 

obtained a formula for the critical forces of a hinge plate compressed in one 

direction:  

2

2
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
 =

 

2
mb a
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a mb

 
= + 
   , 

where ν – Poisson's ratio; a – plate length; b – plate width. 

 

Lorenz and S.P. Timoshenko in a linear formulation based on the static Euler 

criterion considered the stability of a hinged circular cylindrical shell under axial 

compression. Rudolf Lorentz (1908) found the critical compressive stress of a thin 

cylindrical shell, but neglected the transverse compressibility of the material. This 

was taken into account by S.P. Timoshenko (1910), who, within the framework of 

the Kirchhoff - Love hypotheses, obtained a formula for critical stress bearing his 

name: 

23(1 )

Eh

R



 =

−  or 
0,605

Eh

R
 =

 at ν = 0,3, where R and h are the radius and 

thickness of the shell. The critical axial force is calculated by the formula: 

2

23(1 )

в Eh
N

R 
 =

− .  

It is called the classical or upper critical compressive force. This formula is the 

best known and most revealing in terms of the discrepancy between theoretical and 

experimental values. The critical loads observed in experiments are much smaller 

than the upper critical loads.  

All further development of the theory of shell stability was aimed at identifying 
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the reasons for this discrepancy. Various directions of research developed, but two 

directions aroused the greatest interest. 

The first direction is connected with the use of the nonlinear theory of shells 

and the recommendation to evaluate the stability by the lower critical load. These 

recommendations turned out to be wrong. The theoretical critical loads turned out 

to be very small and even negative. 

The second direction is connected with the study of the influence of the initial 

imperfections of the shell on the value of the upper critical load. Unfortunately, this 

line of research did not bring positive results either. An analysis of the experimental 

data shows that small deviations of the shell geometry from the ideal shape reduce 

the critical load, but not by several times, which is often observed in experiments. 

 The second direction is related to the study of the influence of the initial 

imperfections of the shell on the magnitude of the upper critical load. And this line 

of research did not bring positive results. An analysis of the experimental data shows 

that small deviations of the shell geometry from the ideal shape reduce the critical 

load, but not by several times, which is often observed in experiments. The real 

effect of initial imperfections is shown below. 

The most complete and detailed first, second and other directions of the study 

of the stability of shells, plates and rods are presented in [8,9,10,11]. No new work 

has been found to help solve the problem of the stability of a cylindrical shell under 

axial compression. 

The difficulties that have arisen forced the researchers to look for empirical 

dependences for calculating critical loads on the basis of experimental data. There 

are many such dependencies. We will dwell on some of them below when analyzing 

the results of experimental studies. 

A large number of research works did not solve the problem. It is necessary to 

continue looking for the cause of the large discrepancies between the calculated and 

experimental data. 

In [5,6,7], a new approach to solving the problem of the stability of cylindrical 

shells under axial compression, different from the classical approach, was proposed.. 

The classical approach assumes that the transition from the initial to the curved 
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form of equilibrium occurs without changing the critical compression force N*. This 

means that the length of the generatrices of the shell L remains constant. In this case, 

the edges of the shell receive some displacement in the axial direction and the force 

N*=const performs additional work ΔA≠0. Due to this work, additional energy of 

the shell appears ΔV≠0, but the potential of the shell - external load system does not 

change, i.e. ΔU=ΔV-ΔA=0. 

The proposed approach describes the process of loss of stability in a completely 

different way. When buckling, the edges of the shell remain in place because the 

convergence of the edges due to radial movements is compensated by the elongation 

of the generatrices of the shell. The lengthening of the generatrices occurs because 

the compression energy decreases. In this case, the compressive forces also decrease 

and become equal to N* - N1. There is a redistribution of the compression energy 

accumulated in the subcritical state. Compression energy decreases and bending and 

shear energies appear. In this case, the potential energy of the shell does not change, 

i.e. ΔV=0. Since there are no end displacements, additional work of forces N* - N1, 

ΔA=0. System potential U=const, because ΔU=ΔV-ΔA=0.To determine the critical 

forces, the condition is used δΔU=0. Thus, the general theorem of mechanics, the 

beginning of possible displacements of G. Lagrange (1788) and the Lejeune-

Dirichlet principle (1846), which underlie the energy method, are fulfilled. Based 

on this, we conclude: all the prerequisites for using the proposed approach in 

determining the critical loads of thin-walled structures are available. 

In [11] the conclusion was made: “It is now quite clear that good agreement 

between experiment and calculation can be achieved within the framework of linear 

theory. In this case, the classical linear theory should be revised taking into account 

a number of factors.”  

In works [5, 6,7] it is shown that the most important factors are: taking into 

account the change in the external load when the shell loses its stability and the 

correct choice of approximating functions for displacements arising during 

buckling. These functions must not only correspond to the boundary conditions, but 

also correctly describe the buckling process. The obtained theoretical values of the 

axial critical load of a cylindrical shells are in good agreement with the experimental 
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data given in [11]. 

This article presents the results of a long-term study of the stability of rods, 

plates and shells in full and corrected form. Errors and inaccuracies have been 

eliminated. The obtained results have been analyzed based on their comparison with 

the classical solution and experimental data. A general conclusion is made about the 

stability of cylindrical shells under axial compression and the prospects for using 

the proposed approach in studying the stability of plates and shells. 

3. Purpose of work 

Demonstrate that within the framework of the linear theory it was possible to 

obtain formulas for the axial critical loads, the calculation results for which are in 

good agreement with the experimental data 

4. Solution method 

The energy solution method using the general linear theory of thin-walled 

shells. 

The accuracy of calculating critical loads by this method depends on the 

accuracy of the description of the behavior system the shell – external force during 

buckling and on the successful choice of the buckling shape. The selected shape of 

the bulging surface must strictly observe the boundary conditions and, if possible, 

correspond to the real form of buckling, since the accepted expression for the 

deflection imposes additional constraints on the elastic surface of the shell, which 

leads to an overestimation of the values of the found critical values of the external force. 

5. Stability of cylindrical shells 

Cylindrical shell of length L, radius R, with wall thickness h, loaded along the 

edges by uniformly distributed compressive forces N (Fig. 1). 

 

Fig. 1. Cylindrical shell 
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5.1. The edges of the shell rest freely on the diaphragm 

Initial prerequisites: the shell is geometrically perfect, ideally elastic, the 

subcritical state has no moment, the edges freely rest on the diaphragms, rigid in 

their plane and flexible out of their plane.  

In this case, the boundary conditions are as follows: 

2

2
0.

w
u v w

x


= = = =

  

Here u, v, w are the displacements of the points of the middle surface of the 

shell in the direction of the coordinates x, y, z.  

The displacements v and w corresponding to the boundary conditions are given 

in the form:  

2 sin sin ;
m x ny

v f
L R


=

 
3 sin cos

m x ny
w f

L R


=

,     (1) 

where m is the number of half-waves along the length of the shell; n is the number 

of waves in the circumferential direction; f2, f3 – amplitudes of displacements in the 

direction of the x and y axes. 

 

We find the displacement u as follows. Let the sum of the elongation of the median 

surface of a single shell element in the axial direction due to stretching and convergence 

of its opposite faces during bending is equal to some function f1(x, y), i.e. 

2

1

1
( , )

2

u w
f x y

x x

  
+ = 

   .      (2) 

By integrating expression (3) by parts and fulfilling the condition u(0)=u(L)=0 

for u(x, y) ≠0 we find:  

2 2

3

1 2
sin cos

4

m m x ny
u f

L L R

 
= −

.     (3) 

The proposed method is valid for determining displacements in the direction of 

loaded ends, and the displacements found by this method must always be negative. 

This corresponds to the physical meaning of the problem. 

Change in the potential energy of deformation of the shell: 

2 2
2 2 2 2 2 2

1 1 2 2 12 1 1 2 2 122 2

0 0

1
2 [ 2 2(1 )

2(1 ) 2

R L
Eh h

V dxdy
R




          


 −
 = + + + + + + + − 

−  
 

, (4) 
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where 
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u

x



=


2 ;
v w

y R



= +


12 ;
v u

x y


 
= +
 

2

1 2
;

w

x



= −



2

2 2

1
;

w v

y R y


 
= − +

 

2

12

1w v

x y R x


 
= − +

   . 

 

From (4) we obtain:  
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Additional work ΔA of external compressive load: 

22
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.
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w
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x
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

  
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     (6) 

External load N1 is equal to internal forces T1 at the edges of the shell:  

2
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From (6), (7) and the conditions ΔA=0 we obtain  
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Change in the potential energy ΔU=ΔV-ΔA:  
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From the conditions for the minimum potential energy for displacements  

2
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0
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  we obtain: 
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The relative value of the critical compression force:  

в

N
N
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Minimization of expressions (9) and (10) with respect to integer parameters m 

and n makes it possible to find the critical loads of cylindrical shells of any geometric 

dimensions. The minimization results are shown in Fig. 2.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Relative critical axial forces of freely supported 

cylindrical shells 

 

There are many empirical dependencies for calculating critical loads. These 

formulas are obtained by processing numerous experiments. They are different and 

are recommended for different shells. Let's carry out calculations for some of them.  

The dependence that gives the maximum values of kc [11]: 

3 1/2 1/2

max 0,5 3,5*10 ( / ) 4,6(1/ )ck R h R−= − + .    (11) 

The formula that gives the minimum kc values [11]: 

1/2 3 1/2

min 3,87( / ) 10 ( / )ck h R R h−= + .      (12)  

Formula, which is recommended for practical calculations [12]: 

 

1

161 0,9(1 )

R

h
ck e

−

= − − .      (13) 

In Fig. 3. the dotted line shows the results of calculations using these formulas 

and the theoretical curves obtained from (10) for L/R=1 and L/R=12. Most of the 

experimental data fall within this range. 

N
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Fig. 3. Theoretical and empirical relative axial critical forces  

of cylindrical shells 

 

Using the relations of the theory of shallow shells 
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we get a simpler formula for critical loads: 

2
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N
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



=

 (14) 

Critical loads calculated by formulas (14) differ little from the results of 

calculations by formulas (9) and (10).The maximum error for relatively thick shells 

(R/h≤50) is: 

100 5%
f

в

N N

N

 



−
 = 

. 

The rest of the shells have a smaller error. Formula (14) are simpler and can be 

recommended for practical calculations. 

Results 

Analyzing the obtained results, we see: 

N
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1. Found theoretically, on the basis of the general linear theory of thin shells, 

formulas (9) and (10) make it possible to calculate the axial critical loads of 

cylindrical shells with specific geometric parameters; 

2. Theoretical critical loads are in good agreement with the empirical and 

therefore with the experimental critical loads; 

3. A large dependence of the relative values of the critical load on the parameter 

R/h has been revealed. According to the classical theory, there is no such 

dependence. 

4. A large dependence of the relative values of the critical load on the L/R 

parameter has been revealed. For a long time it was believed that the length does not 

affect or has little effect on the magnitude of the critical load. 

5. Based on the theory of shallow shells, simplified formulas for critical loads 

(14) are obtained. The results of calculations using exact and simplified formulas 

differ little. 

5.2. The edges of the shell are rigidly sealed 

 If the edges of the shell are rigidly sealed, then the boundary conditions require 

that u=v=w=0 and ∂w/∂x= 0. 

Let us set the displacements v and w corresponding to the boundary conditions 

in the form  

1 2 2
sin 4 sin

38

m mx ny
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2
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3

mx ny
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L R


=

.  (15) 

Displacements due to the lengthening of the generators u are found in the same 

way as in the previous paragraph, but taking into account that they must be negative, 

since they compensate for positive displacements due to bending.  

Inserting (15) into (4), similarly to the above, we obtain 
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On Fig. 4. the results of minimization with respect to integer parameters m and 

n of expression (16) and, for comparison, (10) are shown. 

 

 

Fig. 4. Relative critical axial forces of cylindrical shells with freely supported 

and rigidly embedded edges 

 

It can be seen from the figure that the results obtained are similar in nature and 

numerically close. The conclusion follows from this: the boundary conditions have 

an insignificant effect on the magnitude of the critical loads of cylindrical shells. 

6. Stability of rectangular plates uniformly compressed in one direction 

A rectangular plate with sides a, b and thickness h is compressed in the median 

plane by forces N uniformly distributed along the sides x= 0 and x=0 

 

 

 

 

  

 

 

 

Fig. 5. Rectangular plate 
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6.1. Plate hinged on all edges 

Boundary conditions: u=0; v=0; w=0; M1 =0 for x=0 and x=a; y=0; v=0; 

w=0; M2 =0 for y=0 and y=b. 

The boundary conditions are satisfied if we choose the normal deflection 

expression in the form 

sinsin
3

m x n y
w f

a b

 
=

.     (17) 

The mutual displacement of the points of the plate along the x is determined in 

the same way as for the shell, using expression (3) and boundary conditions

(0) ( ) 0u u a= =  

sin
1 2 2

sin 2
34

m m x n y
u f

a a b

  
= −

,     (18) 

and along the y axis, the displacement v is found similarly, using the boundary 

conditions (0) ( ) 0v v b= =  , however, the value of the amplitude f2 is set arbitrarily, 

because edges v(0) and v(b) are not loaded, but a rigid connection with f3 valid only 

if there is an external load on the edges  

2
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2
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Plate deformation energy  
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From (20) we get 
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3
3 26 216

22 82 2 221
12 2

2 3 34 12

m m n m n
f f

a ba a b
h ab

ΔV

m n h m n
f f f

a b a b

     


=

    

 
     −   

     

− −
+ + +

−
+

+ +

              
         
 

         
         

            . (21) 

Work done by compressive forces during plate buckling 
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2
4 221 1 3 14 2

1 3 32 162 20 0 1

b a w Eh m m
A N N dxdy f N f

a Eh ax

  



 
    −    

     

 −
 = = +  

 −

  
  
   ,  (22) 

where 
( )

sin

2
2 2

1 32
2 1

Eh m n y
N f

a b

 


=

−

 
 
 

. 

 

From 0A =  we find 

2 2
3 14

316

m
f N

a Eh

 −
= − 

 
 
   . 

The expression for U V A =  −  takes the form  

 

2
2 2 112 2

3
2 2 3 42

2 2 22 82 22 211 12
3 126

m nm n
f f f

a b a bh ab
U

m n h m n
f N

Eh a ba b

   


=

     

 
       

     

 
          
       

 

+−
+ − +



−− −
− + + +

 
       
     

 
     
             .  (23)  

From conditions 2

0;
U

f


=

  3

0
U

f


=

  we obtain 

2 2
1

12 3
2

2
2 2

2
2 2 2 21 2(1 )

6

m n

a b

m n

a b
N D

m n m n

b a ba








 −          +         
          

 

+

=
−

+ − +

    
    
     

 
 
  .   (24) 

Analyzing expression (24), we see that the smallest value N  will be obtained 

if n =1, since with increasing n the numerator increases much faster than the 

denominator.  

Thus, the expression for the critical value of the compressive load on the hinged 

plate takes the form: 

 
;

1

2

2
k

D
N

b


=


 

1

22 2 2 21 (1 )
1

26 1
12 3

2

k
mb a a

a mb mb mb

a

 



 
 
  

       =     
              
   

  

− +
+ + −

−
+

.   (25) 

 On Fig. 6 shows the results of calculating the coefficients k1 and k at ν = 0.3 

which show that formula (25) more accurately describes the process of buckling of 

a hinged plate, since the energy method gives an approximation from above. 
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Fig. 6. Graphs of changes in the coefficients k1 and k 

  

6.2. Plate with loaded clamped and unloaded hinged edges 

In this case, the boundary conditions at the edges should be: u=0, v=0, w=0, 

0
w

x


=

 for x=0 and x=a; u=0, v=0, w=0, 

2

2
0

v

y


=

  for y=0 and y=b . 

In the case under consideration, the boundary conditions are satisfied if 

cos
1 2 2

sin 4
38

m m x n y
u f

a a b

  
= −

 ; 

4
sin

2
sin 2

n y
v f

m x

a b


=

 ; 

2
cossin

3
  

m x n y
w f

a b

 
=

. 

Similarly to the above, we get 

;
2

2

2

D
N k

b


=

 

2 2 2 23 1 (1 )
k 4 2 1

2 24 24
60 2(1 ) 7

mb a a

a mb mb mb

a

 



 
 
   − +       = + + + −     

              − + 
   

   .   (26) 

When solving the problem by the energy method, but in the traditional way, 

when the potential energy is equated to the work of external forces and the change 

in the external load during plate buckling is not taken into account, we obtain 

 
;

2

221

D
N k

b


=

 
21

2 23
4 2

4
 k

mb a

a mb

 
    =   

    

+ +

.     (27) 

The results of calculations using (28) and (29) are shown in Fig.7.  

 

 

 

 

 

 

Fig. 7. Graphs of coefficients k2 and k21 
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6.3. Plate with loaded hinged and unloaded pinched edges 

In this case

1 2 4
sin 2 sin

34

m m x n y
u f

a a b

  
= −

; 

2
sin sin 4 ;

2

m x n y
v f

a b

 
=

.

2
sin sin

3

m x n y
w f

a b

 
=

. 

Critical load  

2

23

D
N k

b




=

 ; 

3

2 2 2 216 8 2(1 ) (1 )
1

23 3 7 1
35 12

2

k
mb a a

a mb mb mb

a

 



 
 
  

       =     
              
   

  

− +
+ + + −

−
+

.  (28) 

When not taking unto account changes in loads 

2 2

 
16 8

.
31 3 3

k
mb a

a mb
=
   

+ +   
     

The results of calculations using (28) are shown in Fig.8. 

 

 

  

 

 

 

 

 

 

Fig. 8. Graphs of coefficients k3 and k31 

 

6.4. The plate is rigidly clamped along edges 

In this case

4
sin

1 2
sin 4

38

m m x n y
u f

a a b

  
= −

; 

4
sin

2
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2 2
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 
=
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
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 ; 
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4900 1
2

4
mb a a

k
a mb mb mb

a

 



− +
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 
 

        
        

           
         . (29) 
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When not taking unto account changes in loads 

2 2

41
 4

2

3
k

mb a

a mb
=

    
+ +    

      . 

The results of calculations using (29) are shown in Fig.9. 

 

 

 

 

 

 

 

 

 

Fig. 9. Graphs of coefficients k4 and k41 

 

Figure 10 shows the results of calculating the coefficients k1, k2, k3 uk 4 at ν 

= 0.3 for rectangular plates. 

 

 

Fig. 10. Force coefficients of rectangular plates 

 

Conclusion. Tthe proposed approach gives good results in solving problems of 

plate stability. 

7. Stability of rods loaded with force P 

7.1. A rod with a hinged support, loaded with a force P 
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1 2
  in 2 ;

4
 s

m m x
u f

L L

 
= −

 
n  si ;

m x
w f

L


=

 

2

.P EJ
L


=
 
 
     (30) 

Formula (30) is completely conditional with the Euler formula. 

7.2. Rigidly fixed rod 

1 2
sin 4

8

m m x
u f

L L

 
= −

; 

2
sin

m x
w f

L


=

; 

2

4P EJ
L


=

 
 
    . (31) 

Formula (31) completely coincides with the solutions obtained by other 

authors. 

Conclusion. The results obtained indicate that the static Euler criterion is valid 

for rods, and the proposed approach is effective in solving problems of stability of 

engineering structures. 

7. Experimental investigation of the stability of cylindrical shells 

reinforced with stringers under axial compression. 

The critical loads of real shells, as a rule, differ significantly from the calculated 

ones. Many scientists believed that the discrepancy between theory and experiment 

was mainly due to the initial imperfections of the tested samples. 

Then doubts arose as to the veracity of this statement. There have been 

conflicting opinions, especially regarding reinforced shells. 

There was a need to find out the real influence of the initial imperfections of 

the shape of the reinforced cylindrical shells on the magnitude of the upper critical 

loads. Such a study was carried out [12 ]. The results of this study are shown below. 

In an experimental study *), the effect on the stability of shells reinforced with 

stringers was studied: 

– initial imperfections in the shape of the median surface; 

– uneven loading of shells; 

– the eccentricity of the reinforcing elements in relation to the skin. 

The process of buckling of shells was also studied. 

The study was carried out on six series of shells. The first series consisted of 

12, the second - 8, the third, fourth, fifth and sixth - of 6 shells each. 

The casings of the first, second and third series were made of L62TM sheet  

brass (E = 1 * 105MPa). These shells had longitudinal ribs of rectangular cross-
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section located on their outer surface. In this case, the height of the ribs and their 

number varied. The connection of the ribs with the skin was carried out with BF-6 

glue. 

The shells of the fourth, fifth and sixth series were made of AMTsaM 

aluminum alloy (E = 0.71 * 105MPa) at the Kharkov Aviation Plant. The shells were 

reinforced with 16 corner-section stringers that were spot-welded to the shell at 5mm 

pitch. 

The shells of the third series (table 3) were tested with significant initial 

disturbances:  

– with great value 

0

sr

f

h  >1,4; 

– with great uneven loading max  > 40%; 

– shell 6 was loaded only along ½ of the perimeter.. 

For casings of the sixth series (table 6), by their compression with the help of 

special devices, artificial axisymmetric dents. 

The test results are shown in tables 1,2,3,4,5,6. The tables indicate: 

L - the length of the shell (the total length of the shell minus the sections 

adjacent to the support rings); 

R - the shell radius; 

hsr - average skin thickness, defined as the arithmetic mean of all thicknesses; 

n1 - number of stringers; 

h1 - reduced sheathing thickness, including stringers; 

Pe- the critical experimental force ; 

 12в вP Rh  =  - upper critical force. When determining it, it was assumed that 

the shells are structurally orthotropic and the ratio 1R h ; 

f0 - amplitude of axisymmetric drop; 

fн - amplitude of non-axisymmetric drop; 

Pe max -maximum value of the experimental strength of the same type of shells; 

max

max

100e e
e

e

P P

P

−
 =

 and 

max 100e e

в

P P

P




−
 =

 -show the real influence of the initial 

imperfections on the experimental and upper critical forces, respectively. 
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Table 1 

Brass shells with 8 stringers 

 

Table 2 

Brass shells with 16 stringers 

 
№  R

L

 

R, 
mm 

srh

R

 

n1, 
pc 

1h

R

 srh

f 0

 

eP
, 

kN 

вP , 
kN 

в

e

P

P

  

Δe, 
% 

Δ*, 

% 

 low stringers 

1  
3,18 

 
75 

275  
16 

188 0,121 22,06 59,43 0,371 0,0 0,0 

2 268 188 0,283 21,67 59,43 0,364 1,8 0,7 

3 268 192 0,536 20,59 56,79 0,362 6,7 2,6 

 all stringers 

4  
 
3,18 

 
 
75 

286  
 
16 

148 0,196 25,30 96,34 0,262 4,4 1,2 

5 270 148 0,203 26,48 96,34 0,275 0,0 0,0 

6 266 148 0,242 24,52 96,34 0,254 7,4 2,0 

7 266 149 0,340 24,52 93,81 0,261 7,4 2,1 

8 266 154 0,478 24,03 88,97 0,270 9,3 2,8 

 

Table 3 

Brass shells with significant initial perturbations 

  

R

L

 

R, 

mm 
srh

R

 

n1, 
pc 

1h

R

 srh

f 0

 

max
 

% 

eP
, 

kN 

вP , 

kN 
в

e

P

P

  

Δэ, 

% 

Δ* 

*,% 

 low stringers 

1  

 

3,18 

 

 

75 

276  

 

8 

196 1,47 15,3 12,91 54,55 0,237 21,7 6,5 

2 281 197 1,43 18,7 14,77 54,03 0,273 10,4 3,2 

3 266 220 0,193 40,2 12,85 43,29 0,297 20,1 7,3 

4 268 192 0,184 39,4 13,34 56,85 0,235 19,0 7,6 

5 266 16 187 0,261 46,0 17,65 59.92 0,295 20,0 7,4 

6 266 8 211 0,225 - 10,98 47,10 0,231 37,1 13,8 

 
№  R

L

 

R, 
mm 

srh

R

 

n1, 
pc 

1h

R

 srh

f 0

 

eP
, 

kN 

вP , 
kN 

в

e

P

P

  

Δe, 
% 

Δ*, 

% 

 low stringers 

1  
 
3,18 

 
 
75 

278  
 
8 

214 0,184 17,46 45,48 0,382 0,0 0,0 

2 277 227 0,219 15,49 40,64 0,381 11,3 4,8 

3 274 226 0,263 15,20 40,82 0,372 12,9 5,5 

4 272 225 0,278 15,00 41,01 0,366 14 6,0 

5 277 217 0,281 17,06 45,09 0,378 2,2 0,9 

6 283 220 0,406 16,08 43,21 0,372 7,9 3,2 

 tall stringers 

7  
 
3,18 

 
 
75 

283  
 
8 

200 0,143 16,87 51,72 0,326 4,4 1,5 

8 276 191 0,183 17,65 57,09 0,309 0.0 0,0 

9 276 191 0,216 16,97 57,09 0,297 3,9 1,2 

10 266 191 0,273 17,26 57,09 0,302 2,2 0,7 

11 266 196 0,463 16,48 54,20 0,303 6,7 2,2 

12 266 196 0,512 16,38 54,20 0,302 7,2 2,4 
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Table 4 

Shells made of aluminum alloy 

№ 
R

L

 

R, 

mm 
srh

R

 1h

R

 srh

f 0

 sr

н

h

f

 

eP
, 

kN 

вP , 

kN 
в

e

P

P

  

Δe, 

% 

Δ*, 

% 

 16 stringers inside 

1 2,6 200 312 229 0,083 0,93 50,01 202,18 0,247 0,0 0,0 

2  

2,64 

 

160 

258 174 0,038 1,06 50,01 200,39 0,250 0,00 0,0 

4 254 176 0,071 1,37 48,05 197,13 0,244 3,92 1,0 

4 258 174 0,110 1,13 47,07 200,39 0,235 5,88 1,5 

5 250 176 0,132 1,05 48,25 196,91 0,245 1,21 0,3 

6 2,66 120 188 118 0,048 0,88 47,07 247,88 0,190 0,00 0,0 

 

Table 5 

Shells made of aluminum alloy 

№  

 R

L

 

R, 

mm 
srh

R

 1h

R

 srh

f 0

 sr

н

h

f

 

eP
, 

kN 

вP , 

kN 
в

e

P

P

  

Δe, 

% 

Δ*, 

% 

 16 stringers outside 

1 2,6 200 317 229 0,149 1,78 47,27 202,18 0,234 00 00 

2  

2,64 

 

160 

258 173 0,063 1,05 49,23 202,58 0,243 1,56 0,4 

3 258 174 0,120 1,59 46,09 200,39 0,230 5,62 1,4 

4 254 173 0,257 1,77 48,84 202,58 0,241 0,00 0,0 

5 2,66 120 189 119 0,083 0,95 47,07 240,65 0,196 0,00 0,0 

6 190 120 0,104 1,19 43,54 238,27 0,183 7,50 1,48 

 

Table 6 

Aluminum alloy shells with artificial axisymmetric dents 

№  
R

L

 

R, 

mm 
srh

R

 1h

R

 срh

f0

 
ср

н

h

f

 

eP
, 

kN 

вP , 

kN 
в

e

P

P

  

Δэ, 

% 

Δ*, 

% 

 16 stringers inside 

1 2,6 200 308 230 0,095 1,83 44,72 199,87 0,224 10,6 2,66 

2 2,64 160 254 173 0,071 1,25 45,89 202,58 0,227 8,23 2,03 

 16 stringers outside 

3 2,6 200 320 233 0,181 2,14 44,13 195,30 0,226 6,6 2,91 

4 2,64 160 263 178 0,175 1,31 43,35 193,04 0,225 11,24 2,90 

5 258 174 0,201 1,25 43,15 200,39 0,215 11,66 3,00 

6 2,66 120 190 120 1,035 1,02 42,36 238,27 0,178 10,00 1,96 

 

Results 

Analyzing the results obtained, we see the following: 

– from tables 1, 2, 4, 5 it can be seen (see columns Δe) that bends in general 

and axisymmetric, in particular, do not have a noticeable effect on the magnitude of 



 
SCIENTIFIC TRENDS AND TRENDS IN THE CONTEXT OF GLOBALIZATION  

322 

experimental critical forces; 

– a significant decrease in the experimental critical forces for shells of series 3 

and 6 indicates the sensitivity of ribbed shells to axisymmetric components of the 

initial deflection and non-uniformity of loading. However, these are specially 

created imperfections of large sizes; 

– the significant decrease in critical forces obtained in the experiment in 

comparison with ideal shells cannot be explained by the presence of small defects 

in the shape of the middle surface (see columns Δ *, except for shells 3 and 6 of 

series). The decline is less than 6%, not 62 - 82% (see columns

e

в

P

P ); 

– the influence of the eccentricity of the reinforcing elements in relation to the 

skin on the value of the critical forces was not found. This, apparently, is explained 

by the fact that in most cases the quality of manufacture of shells with outer ribs was 

lower than - shells with inner ribs; 

– the experiment confirmed the correctness of the interpretation of the process 

of buckling of the shell with the loss of stability stated in [5,6,7].  

When calculating the critical forces of ideal shells, it is necessary to pay 

attention to the choice of the parameters E and ν. If selected incorrectly, results can 

vary significantly. So, for example, for: 

steel E = (2.0-2.2) * 105 MPa; ν = (0.24 - 0.3); Δ = 11.2%; 

brass E = (0.91 - 1.0)) * 105 MPa; ν = (0.32 - 0.42); Δ = 11.47%; this is much 

more than the influence of the initial imperfection 

The experiment showed that the initial defects in the shape of the middle 

surface of a cylindrical shell compressed by axial forces do not cause large 

discrepancies between theoretical and experimental critical loads. 

Conclusions 

1. The obtained formulas for axial critical loads of cylindrical shells and plates 

can be recommended for practical calculations. 

2. When solving problems on the stability of shells and plates under axial 

compression, it is necessary to take into account the change in the external load at 

the moment of buckling. 
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3. Initial defects in the shape of the middle surface of a cylindrical shell 

compressed by axial forces are not the cause of large discrepancies between 

theoretical and experimental critical loads 

4. The proposed approach can be used to study the stability of thin-walled 

structures. 

Recommendations 

For a deeper study of the stability of thin-walled structures, the following areas 

of research can be recommended: 

1. Further study of the buckling process in order to correctly create a model and 

algorithm for solving the problem. 

2. Investigation of the behavior of the external load shell, energy accumulated 

in the subcritical state by the system in the process of buckling. Until we deal with 

energy, we will not finally solve the problem of stability. 

3. Correct, as close as possible to real, description of the curved surface of the 

structure. 

4. Accounting for the instantaneous subcritical state. 

5. Solution of the problem in dynamic formulation. In reality, the loss of 

stability occurs instantly, and this is a dynamic task. 
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